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NUMERICAL PROPERTIES OF ISOTRIVIAL FIBRATIONS
FRANCESCO POLIZZI
Abstract. In this paper we investigate the numerical properties of relatively minimal isotrivial
fibrations ϕ : X −→ C, where X is a smooth, projective surface and C is a curve. In particular
we prove that, if g(C) ≥ 1 and X is neither ruled nor isomorphic to a quasi-bundle, then
K2X ≤ 8χ(OX)− 2; this inequality is sharp and if equality holds then X is a minimal surface of
general type whose canonical model has precisely two ordinary double points as singularities.
Under the further assumption thatKX is ample, we obtain K
2
X ≤ 8χ(OX)−5 and the inequality
is also sharp. This improves previous results of Serrano and Tan.
0. Introduction
One of the most useful tools in the study of algebraic surfaces is the analysis of fibrations, that
is morphisms with connected fibres from a surface X onto a curve C. When all smooth fibres
of a fibration ϕ : X −→ C are isomorphic to each other, we call ϕ an isotrivial fibration. As far
as we know, there is hitherto no systematic study of minimal models of isotrivial fibrations; the
aim of the present paper is to shed some light on this problem.
A smooth, projective surface S is called a standard isotrivial fibration if there exists a finite
group G, acting faithfully on two smooth projective curves C1 and C2, so that S is isomorphic
to the minimal desingularization of T := (C1×C2)/G, where G acts diagonally on the product.
When the action of G is free, then S = T is called a quasi-bundle. These surfaces have been in-
vestigated in [Se90], [Se96], [Ca00], [BaCaGr08], [Pol07], [CarPol07], [MiPol08], [BaCaGrPi08].
A monodromy argument shows that every isotrivial fibration ϕ : X −→ C is birationally iso-
morphic to a standard one ([Se96, Section 2]); this means that there exist T = (C1 × C2)/G, a
birational map T 99K X and an isomorphism C2/G −→ C such that the diagram
T //____

X
ϕ

C2/G
∼=
// C
commutes.
If λ : S −→ T = (C1×C2)/G is any standard isotrivial fibration, the two projections π1 : C1×
C2 −→ C1, π2 : C1×C2 −→ C2 induce two morphisms α1 : S −→ C1/G, α2 : S −→ C2/G, whose
smooth fibres are isomorphic to C2 and C1, respectively. Moreover q(S) = g(C1/G) + g(C2/G).
If S is a quasi-bundle, then all singular fibres of α1 and α2 are multiple of smooth curves.
Otherwise, T contains some cyclic quotient singularities, and the invariants K2S and e(S) can be
computed in terms of the number and type of such singularities. Moreover the corresponding
fibres of α1 and α2 consist of an irreducible curve, called the central component, with at least
two Hirzebruch-Jung strings attached. Assume that a fibre F of α1 (or α2) contains exactly
r such strings, of type 1
n1
(1, q1), . . . ,
1
nr
(1, qr), respectively; therefore we say that F is of type(
q1
n1
, . . . , qr
nr
)
.
Now set g := g(C1) and consider a reducible fibre F of α2 : S −→ C2/G. If g(C1/G) = 0 then
it may happen that the central component of F is a (−1)-curve; in this case we say that F is a
(−1)-fibre in genus g. Moreover, if g(C2/G) ≥ 1 then the central components of (−1)-fibres of
α2 are the unique (−1)-curves on S.
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Our first result provides a method to construct standard isotrivial fibrations with arbitrary
many (−1)-fibres.
Theorem A (see Theorem 3.3). Let S :=
{
q1
n1
, . . . , qr
nr
}
be a finite set of rational numbers, with
(ni, qi) = 1, such that
∑r
i=1
qi
ni
= 1. Set n := l.c.m.(n1, . . . , nr). Then for any q ≥ 0 there exists
a standard isotrivial fibration λ : S −→ T = (C1 × C2)/G such that the following holds.
(i) Sing(T ) = n× 1
n1
(1, q1) + · · ·+ n×
1
nr
(1, qr);
(ii) the singular fibres of α2 : S −→ C2/G are exactly n (−1)-fibres, all of type
(
q1
n1
, . . . , qr
nr
)
;
(iii) q(S) = q.
Our second result deals with the “geography” of (minimal models of) isotrivial fibrations. It
is straightforward to prove that every quasi-bundle S satisfies K2S = 8χ(OS). In [Se96] Serrano
extended this result, showing that any isotrivial fibred surface X satisfies K2X ≤ 8χ(OX); his
proof is based on the properties of the projective cotangent bundle P(Ω1X). Exploiting the
fact that every isotrivial fibration is birationally isomorphic to a standard one, we obtain the
following strengthening of Serrano’s theorem. We want to emphasize that our methods involves
mostly arguments of combinatorial nature, and it is very different from Serrano’s one.
Theorem B (see Theorem 4.22). Let ϕ : X −→ C be any relatively minimal isotrivial fibration,
with X non ruled and g(C) ≥ 1. If X is not isomorphic to a quasi-bundle, we have
(1) K2X ≤ 8χ(OX)− 2
and if equality holds then X is a minimal surface of general type whose canonical model has
precisely two ordinary double points as singularities.
Moreover, under the further assumption that KX is ample, we have
(2) K2X ≤ 8χ(OX)− 5.
Finally, both inequalities (1) and (2) are sharp.
We do not know whether Theorem B remains true if one drops the assumption g(C) ≥ 1.
Let us now illustrate the structure of the paper and give a brief account of how the re-
sults are achieved.
In Section 1 we review some of the standard facts about group actions on Riemann surfaces
and cyclic quotient singularities; in particular we recall the Riemann existence theorem and
the Hirzebruch-Jung resolution in terms of continued fractions; furthermore, we make some
computations that will be used in Section 4.
In Section 2 we summarize the basic properties of standard isotrivial fibrations. This section
is strongly inspired by Serrano’s papers [Se90] and [Se96], but our approach is different. In
particular, we provide some results on the singular locus of T which one could not obtain by
means of Serrano’s techniques (Corollaries 2.9 and 2.10).
In Section 3 we start the analysis of the case where S is not a minimal surface. In particular
we give necessary and sufficient conditions ensuring that a reducible fibre F is a (−1)-fibre
(Proposition 3.2), and this allows us to prove Theorem A.
In Section 4 we look more closely at the relative minimal model αˆ2 : Ŝ −→ C2/G of α2 : S −→
C2/G. The main step is to define, for any reducible fibre F of α2, an invariant δ(F ) ∈ Q such
that
(3) K2
Ŝ
= 8χ(O
Ŝ
)−
∑
F reducible
δ(F ).
We also obtain a combinatorial classification of (−1)-fibres. When g = 0, the so-called Riemen-
schneider’s duality between the HJ-expansions of n
q
and n
n−q implies δ(F ) = 0. If g ≥ 1 one has
instead δ(F ) > 2 for all reducible fibres F , with precisely three exceptions that we describe in
detail (Corollary 4.14). Using these facts, together with relation (3) and some identities on con-
tinued fractions shown in Section 1, we prove Theorem B. In particular, the proof of inequality
2
(2) uses the computer algebra program GAP4, whose database includes all groups of order less
that 2000, with the exception of 1024 (see [GAP4]). However, the computer can be replaced
either by (tedious) hand-made computations or by the Atlas of Finite Groups ([CCPW]).
In Appendix A we classify all possible types of (−1)-fibres for g = 1, 2, 3; we also relate this
classification to those given by Kodaira (when g = 1) and Ogg (when g = 2).
Finally, in Appendix B we provide a list of all the cyclic quotient singularities 1
n
(1, q) and
their numerical invariants, for 2 ≤ n ≤ 14. We hope that this will help the reader to check our
computations.
Notations and conventions. All varieties in this article are defined over C. If S is a
projective, non-singular surface S then KS denotes the canonical class, pg(S) = h
0(S, KS) is
the geometric genus, q(S) = h1(S, KS) is the irregularity and χ(OS) = 1 − q(S) + pg(S) is
the Euler characteristic. We denote by kod(S) the Kodaira dimension of S and we say that S
is ruled if kod(S) = −∞. For every finite group G, the notation G = G(|G|, ∗) indicates the
label of G in the GAP4 database of small groups. For instance, D4 = G(8, 3) means that D4
is the third in the list of groups of order 8. If x ∈ G the conjugacy class of x is denoted by
Cl(x). If x and y are conjugate in G we write x ∼G y. The commutator of x and y is defined
as [x, y] = xyx−1y−1. The derived subgroup of G is denoted by [G, G].
Acknowledgements. This research started when the author was visiting professor at the
University of Bayreuth (September-December 2007), supported by the DFG Forschergruppe
“Klassifikation algebraischer Fla¨chen und kompakter komplexer Mannigfaltigkeiten”. He wishes
to thank I. Bauer, F. Catanese, E. Mistretta and R. Pignatelli for many enlightening conver-
sations and helpful suggestions. Moreover, he is indebted to the organizers of the semester
“Groups in Algebraic Geometry” (especially F. Catanese and R. Pardini) and to the “Centro
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1. Preliminaries
1.1. Group actions on Riemann surfaces.
Definition 1.1. Let G be a finite group and let
g
′ ≥ 0, mr ≥ mr−1 ≥ . . . ≥ m1 ≥ 2
be integers. A generating vector for G of type (g′ | m1, . . . ,mr) is a (2g
′ + r)-tuple of elements
V = {g1, . . . , gr; h1, . . . , h2g′}
such that the following conditions are satisfied:
• the set V generates G;
• the order of gi is equal to mi;
• g1g2 · · · grΠ
g
′
i=1[hi, hi+g′ ] = 1.
If such a V exists, then G is said to be (g′ | m1, . . . ,mr)-generated.
Remark 1.2. If an abelian group G is (g′ | m1, . . . ,mr)-generated then either r = 0 or r ≥ 2.
Moreover if r = 2 then m1 = m2.
For convenience we make abbreviations such as (4 | 23, 32) for (4 | 2, 2, 2, 3, 3) when we write
down the type of the generating vector V.
Proposition 1.3 (Riemann Existence Theorem). A finite group G acts as a group of automor-
phisms of some compact Riemann surface C of genus g if and only if there exist integers g′ ≥ 0
and mr ≥ mr−1 ≥ . . . ≥ m1 ≥ 2 such that G is (g
′ | m1, . . . ,mr)-generated, with generating
vector V = {g1, . . . , gr; h1, . . . , h2g′}, and the Riemann-Hurwitz relation holds:
(4) 2g− 2 = |G|
(
2g′ − 2 +
r∑
i=1
(
1−
1
mi
))
.
If this is the case, g′ is the genus of the quotient Riemann surface D := C/G and the G-cover
C −→ D is branched in r points P1, . . . , Pr with branching numbers m1, . . . ,mr, respectively.
In addition, the subgroups 〈gi〉 and their conjugates provide all the nontrivial stabilizers of the
action of G on C.
In the situation of Proposition 1.3 we shall say that G acts in genus g with signature
(g′ |m1, . . . ,mr). We refer the reader to [Br90, Section 2], [Bre00, Chapter 3], [H71] and [Pol07,
Section 1] for more details.
Now let C be a compact Riemann surface of genus g ≥ 2 and let G ⊆ Aut(C). For any h ∈ G
set H := 〈h〉 and define the set of fixed points of h as
FixC(h) = FixC(H) := {x ∈ C | hx = x}.
For our purposes it is also important to take into account how an automorphism acts in a
neighborhood of each of its fixed points. We follow the exposition of [Bre00, pp.17, 38]. Let
D ⊂ C be the unit disk and h ∈ Aut(C) of order m > 1 such that hx = x for a point x ∈ C.
Then there is a unique primitive complex m-th root of unity ξ such that any lift of h to D that
fixes a point in D is conjugate to the transformation z −→ ξ · z in Aut(D). We write ξx(h) = ξ
and we call ξ−1 the rotation constant of h in x. Then for each integer 1 ≤ q ≤ m− 1 such that
(m, q) = 1 we define
FixC,q(h) = {x ∈ FixC(h) | ξx(h) = ξ
q},
that is the set of fixed points of h with rotation constant ξ−q. Clearly, we have
FixC(h) =
⊎
1≤q≤m−1
(m, q)=1
FixC,q(h).
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Proposition 1.4. Assuming that we are in the situation of Proposition 1.3, let h ∈ G× be of
order m, H = 〈h〉 and (m, q) = 1. Then
|FixC(h)| = |NG(H)| ·
∑
1≤i≤r
m|mi
H ∼G 〈g
mi/m
i 〉
1
mi
and
|FixC,q(h)| = |CG(h)| ·
∑
1≤i≤r
m|mi
h ∼G g
miq/m
i
1
mi
.
Proof. See [Bre00, Lemma 10.4 and 11.5]. 
Corollary 1.5. Assume that h ∼G h
q. Then |FixC,1(h)| = |FixC,q(h)|.
1.2. Surface cyclic quotient singularities and Hirzebruch-Jung resolutions. Let n and
q be coprime natural numbers with 1 ≤ q ≤ n−1, and let ξn be a primitive nth root of unity. Let
us consider the action of the cyclic group Zn = 〈ξn〉 on C
2 defined by ξn·(x, y) = (ξnx, ξ
q
ny). Then
the analytic space Xn,q = C
2/Zn contains a cyclic quotient singularity of type
1
n
(1, q). Denoting
by q′ the unique integer 1 ≤ q′ ≤ n − 1 such that qq′ ≡ 1 (mod n), we have Xn1,q1
∼= Xn,q
if and only if n1 = n and either q1 = q or q1 = q
′. The exceptional divisor on the minimal
resolution X˜n,q of Xn,q is a HJ-string (abbreviation of Hirzebruch-Jung string), that is to say, a
connected union E =
⋃k
i=1 Zi of smooth rational curves Z1, . . . , Zk with self-intersection ≤ −2,
and ordered linearly so that ZiZi+1 = 1 for all i, and ZiZj = 0 if |i − j| ≥ 2. More precisely,
given the continued fraction
(5)
n
q
= [b1, . . . , bk] = b1 −
1
b2 −
1
· · · −
1
bk
, bi ≥ 2 ,
the dual graph of E is
✉ ✉
−b1 −b2
✉ ✉
−bk−1 −bk
(see [Lau71, Chapter II]). Moreover
(6)
n
q
= [b1, . . . , bk] if and only if
n
q′
= [bk, . . . , b1].
In particular a rational double point of type An corresponds to the cyclic quotient singularity
1
n+1(1, n). A point of type
1
2(1, 1) is called an ordinary double point or a node. For any 1 ≤ s ≤ k
set ns
qs
:= [b1, . . . , bs]; then
{
ns
qs
}
is called the sequence of convergents of the continued fraction
(5). Its terms satisfy the recursive relation
(7)
ns
qs
=
bsns−1 − ns−2
bsqs−1 − qs−2
,
where n−1 = 0, n0 = 1, q−1 = −1, q0 = 0 (see Appendix to [OW77]).
Proposition 1.6. The sequence
{
ns
qs
}
is strictly decreasing, in fact
(8)
ns−1
qs−1
−
ns
qs
=
1
qs−1qs
.
Consequently, the sequence
{
qs
ns
}
is strictly increasing, in fact
(9)
qs
ns
−
qs−1
ns−1
=
1
nsns−1
.
5
Proof. Using (7) we can write
ns−1qs − nsqs−1 = ns−1(bsqs−1 − qs−2)− (bsns−1 − ns−2)qs−1
= ns−2qs−1 − ns−1qs−2 = . . . = n1q2 − n2q1
= b1b2 − (b1b2 − 1) = 1,
so both (8) and (9) follow at once. 
Definition 1.7. Let x be a cyclic quotient singularity of type 1
n
(1, q) and let E be the corre-
sponding HJ-string. If n
q
= [b1, . . . , bk], we write E : [b1, . . . , bk] and we set
ℓx = ℓ(E) = ℓ
(
q
n
)
:= k,
hx = h(E) = h
(
q
n
)
:= 2−
2 + q + q′
n
−
k∑
i=1
(bi − 2),
ex = e(E) = e
(
q
n
)
:= k + 1−
1
n
,
Bx = B(E) = B
(
q
n
)
:= 2ex − hx =
1
n
(q + q′) +
k∑
i=1
bi.
Remark 1.8. We have
ℓ
(
q
n
)
= ℓ
(
q′
n
)
, h
(
q
n
)
= h
(
q′
n
)
, e
(
q
n
)
= e
(
q′
n
)
, B
(
q
n
)
= B
(
q′
n
)
.
Moreover B
(
q
n
)
≥ 3 and equality holds if and only if q
n
= 12 .
For the reader’s convenience, we listed in the Appendix B the cyclic quotient singularities
1
n
(1, q) and the corresponding values of h
(
q
n
)
and B
(
q
n
)
for all 2 ≤ n ≤ 14.
Proposition 1.9. Let ns
qs
, nt
qt
be two convergents of the continued fraction n
q
= [b1, . . . , bk], with
s ≥ t. Then
B
(
qs
ns
)
−B
(
qt
nt
)
≥ s− t
and equality holds if and only if s = t.
Proof. It is sufficient to prove that B
(
qs
ns
)
−B
( qs−1
ns−1
)
> 1. In fact we have
B
(
qs
ns
)
−B
(
qs−1
ns−1
)
=
qs
ns
−
qs−1
ns−1
+
q′s
ns
−
q′s−1
ns−1
+ bs,
that is, using (9),
B
(
qs
ns
)
−B
(
qs−1
ns−1
)
>
1
nsns−1
−
q′s−1
ns−1
+ bs > bs − 1 ≥ 1.

Corollary 1.10. Let n
q
= [b1, . . . , bk] and let c ∈ N be such that b1 ≥ c. Then
B
(
q
n
)
≥ B
(
1
c
)
= c+
2
c
and equality holds if and only if q
n
= 1
c
.
Proof. Setting s = k and t = 1 in Proposition 1.9 we obtain
B
(
q
n
)
≥ B
(
1
b1
)
= b1 +
2
b1
≥ c+
2
c
= B
(
1
c
)
and equality holds if and only if k = 1 and c = b1. 
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There is a duality between the HJ-expansions of n
q
and n
n−q , which comes from the Riemen-
schneider’s point diagram ([Rie74, p. 222]). It basically says that if q
n
6= 12 then there exist
nonnegative integers k1, . . . , kt, l1, . . . , lt−1 such that
n
q
= [(2)k1 , l1 + 3, (2)
k2 , . . . , (2)kt−1 , lt−1 + 3, (2)
kt ],
n
n− q
= [k1 + 2, (2)
l1 , k2 + 3, . . . , kt−1 + 3, (2)
lt−1 , kt + 2],
(10)
where (2)k means the constant sequence with k terms equal to 2, in particular the empty
sequence if k = 0. It is important to notice that both the ki or the lj may actually be equal
to zero; for instance, the case q = 1 (i.e. n1 = [n],
n
n−1 = [(2)
n−1]) is obtained by setting
t = 2, k1 = 0, l1 = n − 3, k2 = 0. From a more geometric point of view, if N denotes a free
abelian group of rank 2, then (10) reflects the duality between the oriented cone σn, q ⊂ NR
associated to n
q
and the oriented cone σn, n−q associated to
n
n−q (see [NePo08]). Now let us
exploit Riemenschneider’s duality in order to obtain some results on continued fractions that
will be used in the proof of Proposition 4.13.
Proposition 1.11. We have
B
(
q
n
)
+B
(
n− q
n
)
= 3
t∑
i=1
(ki + 1) + 3
t−1∑
i=1
(li + 1).
Proof. Using (10) we obtain
B
(
q
n
)
=
q
n
+
q′
n
+ 2
t∑
i=1
ki +
t−1∑
i=1
(li + 3),
B
(
n− q
n
)
=
n− q
n
+
(n− q)′
n
+
t∑
i=1
(ki + 3) + 2
t−1∑
i=1
li − 2.
Combining these relations and using (n− q)′ = n− q′ we conclude the proof. 
Proposition 1.12. Let n, q be positive, coprime integers and let a be such that qq′ = 1 + an.
Assume moreover that
[(2)k1 , l1 + 3, (2)
k2 , . . . , (2)kt−1 , lt−1 + 3, (2)
kt ] =
n
n− q′
for some non negative integers k1, . . . , kt, l1, . . . , lt−1. Then we have
[k1 + 2, (2)
l1 , k2 + 3, . . . , kt−1 + 3, (2)
lt−1 , kt + 3] =
n+ q
a+ q′
(11)
[k1 + 2, (2)
l1 , k2 + 3, . . . , kt−1 + 3, (2)
lt−1 ] =
q
a
.(12)
Proof. Using (6) and (10) we can write
[kt + 3, (2)
lt−1 , . . . , (2)l1 , k1 + 2] = 1 + [kt + 2, (2)
lt−1 , . . . , (2)l1 , k1 + 2]
= 1 +
n
(q′)′
= 1 +
n
q
=
n+ q
q
.
(13)
Since q · (a+ q′) ≡ 1 (mod n+ q) and 1 ≤ a+ q′ < n+ q, from (6) we obtain (11).
Now we have
n
q
= [kt + 2, (2)
lt−1, kt−1 + 3, . . . , k2 + 3, (2)
l1 , k1 + 2]
= kt + 2− [(2)
lt−1, kt−1 + 3, . . . , k2 + 3, (2)
l1 , k1 + 2]
−1,
which implies
[(2)lt−1, kt−1 + 3, . . . , k2 + 3, (2)
l1 , k1 + 2] =
q
q(kt + 2)− n
.
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Since a · (q(kt + 2)− n)) ≡ 1 (mod q) and 1 ≤ a < q, by using (6) we obtain (12). 
Proposition 1.13. With the notations of Proposition 1.12, we have
B
(
n− q′
n
)
+B
(
a+ q′
n+ q
)
= 1−
1 + q2
n(n+ q)
+ 3
t∑
i=1
(ki + 1) + 3
t−1∑
i=1
(li + 1),(14)
B
(
n− q′
n
)
+B
(
a
q
)
= −
1 + q2 + n2
nq
+ 3
t∑
i=1
(ki + 1) + 3
t−1∑
i=1
(li + 1).(15)
Proof. Write
B
(
n− q′
n
)
=
n− q′
n
+
n− q
n
+ 2
t∑
i=1
ki +
t−1∑
i=1
(li + 3),(16)
B
(
a+ q′
n+ q
)
=
a+ q′
n+ q
+
q
n+ q
+
t∑
i=1
(ki + 3) + 2
t−1∑
i=1
li − 1,(17)
B
(
a
q
)
=
a
q
+
q(kt + 2)− n
q
+
t−1∑
i=1
(ki + 3) + 2
t−1∑
i=1
li − 1.(18)
Summing (16) and (17) we obtain (14), whereas summing (16) and (18) we obtain (15). 
2. Standard isotrivial fibrations
In this section we summarize the basic properties of standard isotrivial fibrations. Definition
2.1 and Theorem 2.3 can be found in [Se96].
Definition 2.1. We say that a projective surface S is a standard isotrivial fibration if there
exists a finite group G acting faithfully on two smooth projective curves C1 and C2 so that S is
isomorphic to the minimal desingularization of T := (C1 × C2)/G, where G acts diagonally on
the product. The two maps α1 : S −→ C1/G, α2 : S −→ C2/G will be referred as the natural
projections. If T is smooth then S = T is called a quasi-bundle.
Remark 2.2. A monodromy argument shows that every isotrivial fibred surface X is birationally
isomorphic to a standard isotrivial fibration ([Se96, Section 2]).
The stabilizer H ⊆ G of a point y ∈ C2 is a cyclic group ([FK92, p. 106]). If H acts freely on
C1, then T is smooth along the scheme-theoretic fibre of σ : T −→ C2/G over y¯ ∈ C2/G, and
this fibre consists of the curve C1/H counted with multiplicity |H|. Thus, the smooth fibres
of σ are all isomorphic to C1. On the contrary, if x ∈ C1 is fixed by some non-zero element
of H, then one has a cyclic quotient singularity over the point (x, y) ∈ T . These observations
lead to the following statement, which describes the singular fibres that can arise in a standard
isotrivial fibration (see [Se96, Theorem 2.1]).
Theorem 2.3. Let λ : S −→ T = (C1 × C2)/G be a standard isotrivial fibration and let us
consider the natural projection α2 : S −→ C2/G. Take any point over y¯ ∈ C2/G and let F
denote the schematic fibre of α2 over y¯. Then
(i) The reduced structure of F is the union of an irreducible curve Y , called the central
component of F , and either none or at least two mutually disjoint HJ-strings, each
meeting Y at one point, and each being contracted by λ to a singular point of T . These
strings are in one-to-one correspondence with the branch points of C1 −→ C1/H, where
H ⊆ G is the stabilizer of y.
(ii) The intersection of a string with Y is transversal, and it takes place at only one of the
end components of the string.
(iii) Y is isomorphic to C1/H, and has multiplicity equal to |H| in F .
An analogous statement holds if one considers the natural projection α1 : S −→ C1/G.
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In the sequel we denote by H (F ) the set of the HJ-strings contained in F and we say that
F is a reducible fibre if H (F ) 6= ∅. Theorem 2.3 therefore implies
Remark 2.4. For every reducible fibre F , the cardinality of H (F ) is at least two.
For a proof of the following result, see [Bar99, p. 509-510], [Fre71], [MiPol08].
Proposition 2.5. Let λ : S −→ T = (C1 × C2)/G be a standard isotrivial fibration. Then the
invariants of S are given by
(i) K2S =
8(g(C1)−1)(g(C2)−1)
|G| +
∑
x∈Sing T
hx;
(ii) e(S) = 4(g(C1)−1)(g(C2)−1)|G| +
∑
x∈Sing T
ex;
(iii) q(S) = g(C1/G) + g(C2/G).
Corollary 2.6. Let λ : S −→ T = (C1 × C2)/G be a standard isotrivial fibration. Then
(19) K2S = 8χ(OS)−
1
3
∑
x∈Sing T
Bx.
Proof. Proposition 2.5 yields K2S = 2e(S)−
∑
x∈Sing T (2ex−hx). By Noether’s formula we have
K2S = 12χ(OS)− e(S), so (19) follows. 
Let us consider now the minimal resolution of a cyclic quotient singularity x ∈ T . If Y1 and
Y2 are the strict transforms of C1 and C2, by Theorem 2.3 we obtain the situation illustrated
in Figure 1.
Figure 1. Resolution of a cyclic quotient singularity x ∈ T
The curves Y1 and Y2 are the central components of two reducible fibres F1 and F2 of
α2 : S −→ C2/G and α1 : S −→ C1/G, respectively. Then there exist λ1, . . . , λk, µ1, . . . , µk ∈ N
such that
F1 = ρ1Y1 +
k∑
i=1
λiZi + Γ1,
F2 = ρ2Y2 +
k∑
i=1
µiZi + Γ2,
(20)
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where the supports of both divisors Γ1 and Γ2 are union of HJ-strings disjoint from the Zi;
moreover if x is of type 1
n
(1, q), then n divides both ρ1 and ρ2. Now we have
(21)

0 = F1Zk = −λkbk + λk−1
0 = F1Zk−1 = λk − bk−1λk−1 + λk−2
· · ·
0 = F1Z2 = λ3 − b2λ2 + λ1
0 = F1Z1 = λ2 − b1λ1 + ρ1,
which gives 
λk−1/λk = bk
λk−2/λk−1 = [bk−1, bk]
· · ·
λ1/λ2 = [b2, b3, . . . , bk]
ρ1/λ1 = [b1, b2, . . . , bk].
In particular
(22) λ1 =
ρ1
[b1, b2, . . . bk]
=
ρ1q
n
.
Analogously, we have 
µ2/µ1 = b1
µ3/µ2 = [b2, b1]
· · ·
µk/µk−1 = [bk−1, bk−2, . . . , b1]
ρ2/µk = [bk, bk−1, . . . , b1],
hence
(23) µk =
ρ2
[bk, bk−1, . . . , b1]
=
ρ2q
′
n
.
Definition 2.7. We say that a reducible fibre F1 of α2 : S −→ C2/G is of type
(
q1
n1
, . . . , qr
nr
)
if it
contains exactly r HJ-strings E1, . . . ,Er, where each Ei is of type
1
ni
(1, qi). The same definition
holds for a reducible fibre F2 of α1 : S −→ C1/G.
Proposition 2.8. Let F1 be of type
(
q1
n1
, . . . , qr
nr
)
and let Y1 be its central component. Then
(24) (Y1)
2 = −
r∑
i=1
qi
ni
.
Analogously, if F2 is of type (
q1
n1
, . . . , qr
nr
) then
(25) (Y2)
2 = −
r∑
i=1
q′i
ni
.
Proof. If F1 is of type
(
q1
n1
, . . . , qr
nr
)
, set ρ1 = l.c.m.(n1, . . . , nr) and
Ei :=
ki⋃
j=1
Zj, i i = 1, . . . , r.
Then we can write
F1 = ρ1Y1 +
r∑
i=1
ki∑
j=1
λj, i Zj, i.
By using (22), we have
0 = F1Y = ρ1(Y1)
2 +
r∑
i=1
λ1,i = ρ1(Y1)
2 + ρ1
r∑
i=1
qi
ni
and this proves (24). Analogously, one can use (23) in order to prove (25). 
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Corollary 2.9. Assume Sing(T ) = 1
n1
(1, q1) + · · ·+
1
nr
(1, qr). Then both
r∑
i=1
qi
ni
and
r∑
i=1
q′i
ni
are integers.
Corollary 2.10. Assume that T contains exactly r ordinary double points as singularities.
Then r is even.
3. The non-minimal case
Let λ : S −→ T := (C1 × C2)/G be a standard isotrivial fibration. If g(C1/G) ≥ 1 and
g(C2/G) ≥ 1 then S is necessarily a minimal model. If instead g(C1/G) = 0, it may happen
that the central component of some reducible fibre F1 of α2 : S −→ C2/G is a (−1)-curve.
Analogously, if g(C2/G) = 0 it may happen that the central component of some reducible fibre
F2 of α1 : S −→ C1/G is a (−1)-curve.
Definition 3.1. We say that a reducible fibre F1 of α2 : S −→ C2/G is a (−1)-fibre if its central
component Y1 is a (−1)-curve. If g(C1) = g, we will also say that F is a (−1)-fibre in genus g.
The same definitions hold for a reducible fibre F2 of α1 : S −→ C1/G.
Proposition 3.2. Assume that F1 is a reducible fibre of α2 : S −→ C2/G, of type
(
q1
n1
, . . . , qr
nr
)
.
Set ρ := l.c.m.(n1, . . . , nr). Then F1 is a (−1)-fibre if and only if
r∑
i=1
qi
ni
= 1 and 2g(C1)− 2 = ρ
(
−2 +
r∑
i=1
(
1−
1
ni
))
.
Assume that F2 is a reducible fibre of α1 : S −→ C1/G, of type
(
q1
n1
, . . . , qr
nr
)
. Then F2 is a
(−1)-fibre if and only if
r∑
i=1
q′i
ni
= 1 and 2g(C2)− 2 = ρ
(
−2 +
r∑
i=1
(
1−
1
ni
))
.
Proof. Let us consider first F1. By Proposition 2.8 and Theorem 2.3 the two conditions are
equivalent to (Y1)
2 = −1 and g(Y1) = 0, respectively. If we consider F2 the proof is analogous.

The following result provide a method to construct non-minimal standard isotrivial fibrations
with arbitrarily many (−1)-fibres.
Theorem 3.3. Let S :=
{
q1
n1
, . . . , qr
nr
}
be a finite set of rational numbers, with (ni, qi) = 1,
such that
∑r
i=1
qi
ni
= 1. Set n := l.c.m.(n1, . . . , nr). Then for any q ≥ 0 there exists a standard
isotrivial fibration λ : S −→ T := (C1 × C2)/G such that the following holds.
(i) Sing(T ) = n× 1
n1
(1, q1) + · · ·+ n×
1
nr
(1, qr);
(ii) the singular fibres of the natural projection α2 : S −→ C2/G are exactly n (−1)-fibres,
all of type
(
q1
n1
, . . . , qr
nr
)
;
(iii) q(S) = q.
Proof. For all i ∈ {i, . . . , r} set ti := qin/ni. Set moreover G := 〈ξ | ξ
n = 1〉 ∼= Zn. Since
(n, ti) = n/ni, the element ξ
ti has order n/(n, ti) = ni in G. It follows that G is both
(0 | n1, . . . , nr) and (q | n
n)-generated, with generating vectors given by
V1 = {g1, . . . , gr} := {ξ
t1 , . . . , ξtr} and
V2 = {ℓ1, . . . , ℓn; h1, . . . , h2q} := {ξ, . . . , ξ︸ ︷︷ ︸
n times
; ξ, . . . , ξ︸ ︷︷ ︸
2q times
},
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respectively. Therefore by Proposition 1.3 we obtain two G-covers
C1 −→ C1/G ∼= P
1, C2 −→ C2/G,
where g(C2/G) = q. By using Proposition 1.4 we see that
• for all i ∈ {1, . . . , r}, there are n/ni fixed points on C1 with stabilizer 〈ξ
ti〉 ∼= Zni ; if Pi
is the set of these fixed points, we have
|FixC1, q(ξ
ti) ∩ Pi| =
{
n/ni if q = 1
0 otherwise;
• there are n fixed points on C2, whose stabilizer is the whole G; for all i ∈ {1, . . . , r} we
have
|FixC2, q(ξ
ti)| =
{
n if q = qi
0 otherwise.
It follows that the standard isotrivial fibration λ : S −→ T = (C1 × C2)/G has all the desired
properties. 
In the sequel we will focus our attention on the natural projection α2 : S −→ C2/G; this
involves no loss of generality and similar results hold if one considers instead the projection
α1 : S −→ C1/G. For abbreviation, we simply write “(−1)-fibre” instead of “(−1)-fibre of
α2 : S −→ C2/G”.
Corollary 3.4. The classification of (−1)-fibres in genus g is equivalent to the classification of
pairs (G, S), where G is a finite group and S :=
{
q1
n1
, . . . , qr
nr
}
is a set of rational numbers, with
(ni, qi) = 1 for all i, such that
(i) G acts in genus g with rational quotient and signature (0 |n1, . . . , nr);
(ii)
∑r
i=1
qi
ni
= 1.
Proof. Immediate by Proposition 3.2 and Theorem 3.3. 
Corollary 3.5. The following are equivalent:
(i) F is a (−1)-fibre in genus g = 0;
(ii) F is a reducible fibre in genus g = 0;
(iii) F is a reducible fibre of type
(
q
n
, n−q
n
)
whose central component is rational.
Proof. (i)⇒ (ii). Obvious.
(ii) ⇒ (iii). Assume g(C1) = 0. For all n ≥ 2, the cyclic group Zn acts on P
1, and the only
possible signature is (0 | n, n) ([Bre00, p. 9]). Therefore every reducible fibre of α2 : S −→ C2/G
is of type
(
q1
n
, q2
n
)
for some positive integers n, q1, q2. On the other hand we have seen that
q1
n
+ q2
n
must be integer, so F is of type
(
q
n
, n−q
n
)
. Finally, the central component of F is rational
since it is a quotient of C1 (Theorem 2.3).
(iii)⇒ (i). This follows from Proposition 3.2. 
Corollary 3.5 shows that there are infinitely many types of (−1)-fibres in genus g = 0. On the
other hand, for all genera g ≥ 1 there are only finitely many types, since there are only finitely
many cyclic groups of automorphisms; the cases where g = 1, 2, 3 are described in detail in
Appendix A.
Example 3.6. Let n ≥ 2 be any positive integer and take S =
{
1
n
, n−1
n
}
, q = 1. Using the
construction given in Theorem 3.3, we obtain a standard isotrivial fibration λ : S −→ T =
(C1 × C2)/G with
g(C1) = 0, 2g(C2)− 2 = n
2 − n, Sing(T ) = n×
1
n
(1, 1) + n×
1
n
(1, n− 1).
For all n, S is a ruled surface whose invariants are pg(S) = 0, q(S) = 1, K
2
S = −n
2. Hence
every minimal model Ŝ of S satisfies K2
Ŝ
= 0.
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Example 3.7. Take S =
{
1
n
, . . . ,
1
n︸ ︷︷ ︸
n times
}
and q = 1. We obtain a standard isotrivial fibration
with
2g(C1)− 2 = n
2 − 3n, 2g(C2)− 2 = n
2 − n, Sing(T ) = n2 ×
1
n
(1, 1).
Thus Proposition 2.5 yields
K2S = n
3 − 4n2 + 2n, e(S) = n3 − 2n2 + 2n,
χ(OS) =
n(n− 1)(n − 2)
6
, q(S) = 1.
For n = 2, S is a ruled surface. Now we assume n ≥ 3. Since q > 0, the minimal model Ŝ of S
is obtained by contracting n disjoint (−1)-curves. Hence its invariant are
K2
Ŝ
= n(n− 1)(n − 3), e(Ŝ) = n(n− 1)2.
For n = 3 we obtain an elliptic surface with kod(Ŝ) = 1 and pg(Ŝ) = q(Ŝ) = 1, whose
elliptic fibration α2 : S −→ C2/G contains exactly three singular elements, all of type IV (A˜2)
according to Kodaira classification ([BPV84, Chapter V]); for n ≥ 4 we have a surface of
general type. Taking q > 1 leads to similar results: for n = 3 the surface Ŝ is elliptic and
satisfies pg(Ŝ) = q(Ŝ) = q, whereas for n ≥ 4 it is of general type.
Remark 3.8. Under the assumptions of Theorem 3.3, one may ask whether there exists a
standard isotrivial fibration such that Sing(T ) = 1
n1
(1, q1) + · · · +
1
nr
(1, qr). In general the
answer is negative, in fact further necessary conditions are
1
3
r∑
i=1
B
(
qi
ni
)
∈ Z and
r∑
i=1
q′i
ni
∈ Z,
see Corollaries 2.6 and 2.9. For example, there are no standard isotrivial fibrations with
Sing(T ) = 3× 13(1, 1) or with Sing(T ) = 2×
1
5(1, 1)+
1
5 (1, 3). In some cases, however, the ques-
tion above has an affirmative answer. For instance, in [MiPol08] there are examples of standard
isotrivial fibrations with Sing(T ) = 4× 14(1, 1) and with Sing(T ) =
1
7(1, 1) +
1
7(1, 2) +
1
7(1, 4).
4. The relatively minimal model
4.1. Contractible components. Let λ : S −→ T = (C1 × C2)/G be a standard isotrivial
fibration. If F is any (−1)-fibre of α2 : S −→ C2/G, with H (F ) = {E1, · · · ,Er}, we consider
the following procedure:
Step 0 : contract the central component Y of F ;
Step 1 : make all possible contractions in the image of E1;
Step 2 : make all possible contractions in the image of E2;
· · ·
Step r : make all possible contractions in the image of Er;
Step r +1 : go back to Step 1 and repeat.
Applying this algorithm to all (−1)-fibres, we obtain a relative minimal fibration αˆ2 : Ŝ −→
C2/G. If g(C1) ≥ 1 this is the unique relative minimal model of α2 ([BPV84, Chapter III,
Proposition 8.4]); by abuse of terminology, we will say that αˆ2 is the relative minimal model of
α2 also when g(C1) = 0. If g(C2/G) ≥ 1, then Ŝ is obviously a minimal surface. If g(C2/G) = 0
this is not true in general, as following example illustrates.
Example 4.1. The group G = PSL2(F7) has order 168 and it is (0 | 2, 3, 7)-generated ([JS87,
p. 265-266]). Then there exists a genus 3 curve C and a G-cover C −→ P1, branched in three
points with branching numbers 2, 3 and 7, respectively. Set C1 = C2 = C and consider the
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standard isotrivial fibration λ : S −→ T = (C1×C2)/G; standard computations as in [MiPol08]
show that
Sing(T ) = 4×
1
2
(1, 1) +
1
3
(1, 1) +
1
3
(1, 2) +
1
7
(1, 1) +
1
7
(1, 2) +
1
7
(1, 4).
By using Proposition 2.5 we obtain
K2S = −6, e(S) = 18, q(S) = 0,
hence χ(OS) = 1 and pg(S) = 0. The natural projection α2 : S −→ C/G ∼= P
1 contains precisely
three reducible fibres F2, F3, F7 and moreover:
• F2 is of type
(
1
2 ,
1
2 ,
1
2 ,
1
2
)
;
• F3 is of type
(
1
3 ,
2
3
)
;
• F7 is of type
(
1
7 ,
2
7 ,
4
7
)
.
Out of these, the unique (−1)-fibre is F7, in fact the central components of F2 and F3 are not
rational curves. The surface Ŝ is therefore obtained by blowing down two curves (see Example
4.2 below), hence K2
Ŝ
= −4 and consequently Ŝ is not a minimal surface. It is no difficult to
check that in this example kod(S) = −∞.
Now let λ : S −→ T = (C1 × C2)/G be a standard isotrivial fibration and αˆ2 : Ŝ −→ C2/G
the relative minimal model of α2. Let F be a reducible fibre of α2 and let E =
⋃k
i=1 Zi ∈ H (F )
be a HJ-string contained in F . We say that an irreducible component Zi ⊂ E is contractible if
it is contracted by the natural map π : S −→ Ŝ. By definition it follows that if both Zi and Zj
are contractible, then Zl is also contractible for any i ≤ l ≤ j. Now we define
c(F ) := number of irreducible components of F contracted by π.
Obviously, c(F ) ≥ 0; moreover c(F ) > 0 if and only if F is a (−1)-fibre, and c(F ) = 1 if and
only if F is a (−1)-fibre and none of its HJ-strings contains contractible components.
Example 4.2. If F is a (−1)-fibre of type
(
1
3 ,
1
3 ,
1
3
)
, then c(F ) = 1. If F is a (−1)-fibre of type(
1
7 ,
2
7 ,
4
7
)
, then c(F ) = 2.
For any τ ∈ C2/G, let Fτ and (Fτ )red be the fibre and the reduced fibre of α2 : S −→ C2/G
over τ , respectively, and set
Crit(α2) := {τ ∈ C2/G | Fτ is singular};
R(α2) := {τ ∈ Crit(α2) | (Fτ )red is smooth};
Crit(α2)
′ := Crit(α2) \ R(α2) = {τ ∈ C2/G | Fτ is reducible}.
Moreover, given any reducible fibre F , let us define
δ(F ) :=
1
3
∑
E∈H (F )
B(E)− c(F ).
Example 4.3. If F is of type
(
1
n
, . . . ,
1
n︸ ︷︷ ︸
n times
)
, with n ≥ 3, then δ(F ) = 13(n
2 − 1) if F is a
(−1)-fibre and δ(F ) = 13(n
2 + 2) otherwise. If n = 2 then δ(F ) = 0 if F is a (−1)-fibre and
δ(F ) = 2 otherwise.
The rational number δ(F ) plays an important role in the sequel, because of the following
result.
Proposition 4.4. With the above notations we have
(26) K2
Ŝ
= 8χ(O
Ŝ
)−
∑
τ∈Crit(α2)′
δ(Fτ ).
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Proof. Immediate by using (19) and the definition of δ(F ). 
Remark 4.5. S.L. Tan pointed out that one has the equality
δ(F ) =
1
3
(2c2(F )− c
2
1(F )),
where c21(F ) and c2(F ) are the invariants defined in [Tan96].
The behaviour of δ(F ) when F is not a (−1)-fibre is quite simple.
Lemma 4.6. Let F be a reducible fibre which is not a (−1) fibre. Then δ(F ) ≥ 2 and equality
holds if and only if F is of type
(
1
2 ,
1
2
)
.
Proof. Since F is not a (−1)-fibre we have c(F ) = 0; moreover H (F ) contains at least two
HJ-strings (Remark 2.4), so Remark 1.8 yields
δ(F ) =
1
3
∑
E∈H (F )
B(E) ≥ 2
and equality holds if and only if H (F ) contains exactly twoHJ-strings, both of type 12 (1, 1). 
Now we start the analysis of the case where F is a (−1)-fibre. If E ∈ H (F ) is a HJ-string
of type 1
n
(1, q), with n
q
= [b1, . . . , bk], we define bi(E) := bi for all 1 ≤ i ≤ k. In particular,
−b1(E) = −⌈
n
q
⌉ equals the self-intersection of the unique curve in E which meets the central
component Y of F .
Lemma 4.7. Assume that F is a (−1)-fibre of α2 : S −→ C2/G and set H (F ) = {E1, . . . ,Er}.
Then
(i) c(F ) = 1 if and only if b1(Ei) ≥ 3 for all i;
(ii) the set {i | b1(Ei) = 2} has cardinality at most two, and it has cardinality two if and
only if F is of type
(
1
2 ,
1
2
)
. If this happens, then S is ruled;
(iii) if r = 2 and F is not of type
(
1
2 ,
1
2
)
, we may assume b1(E1) = 2 and b1(E2) ≥ 3.
Proof. We have c(F ) = 1 if and only if no further (−1)-curves arise in F after contracting its
central component; this is in turn equivalent to say that b1(Ei) ≥ 3 for all i, so our first claim
is proven.
Now let us assume b1(E1) = 2; hence
n1
q1
≤ 2, that is q1
n1
≥ 12 . Therefore by using (24) we
obtain
∑
i≥2
qi
ni
= 1 − q1
n1
≤ 12 , which in turn implies b1(Ei) = ⌈
ni
qi
⌉ ≥ 3 for all i ≥ 2, unless F
contains exactly two strings E1, E2, both of type
1
2(1, 1). In this case, contracting the central
component we obtain two (−1)-curves intersecting transversally in a point; therefore by [BPV84,
Proposition 4.6 p. 79] it follows kod(S) = −∞, that is S is ruled. This proves (ii).
Finally, assume H (F ) = {E1, E2}. In this case g = 0 and, by Corollary 3.5, F is of type(
q
n
, n−q
n
)
. We may assume q
n
> 12 ; hence
n
q
< 2 and b1(E1) = ⌈
n
q
⌉ = 2. Now part (ii) gives
b1(E2) ≥ 3. 
Proposition 4.8. All (−1)-fibres in genus 0 satisfy δ(F ) = 0.
Proof. By Corollary 3.5, any (−1)-fibre F in genus 0 is of type
(
q
n
, n−q
n
)
. If q
n
= n−q
n
= 12 the
result is clear. Otherwise by Riemenschneider’s duality (10) it follows
c(F ) = ℓ
(
q
n
)
+ ℓ
(
n− q
n
)
=
t∑
i=1
(ki + 1) +
t−1∑
i=1
(li + 1),
hence Proposition 1.11 implies δ(F ) = 0. 
Remark 4.9. If g(C1) = 0 then Proposition 4.8 and relation (26) imply K
2
Ŝ
= 8χ(O
Ŝ
), accord-
ing to the fact that αˆ2 : Ŝ −→ C2/G is a relatively minimal rational fibration.
Lemma 4.10. Let F be a (−1)-fibre in genus g ≥ 1. Then H (F ) = {E1, . . . ,Er} with r ≥ 3.
Moreover we may assume that Ei contains no contractible components for i ≥ 3.
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Proof. If H (F ) = {E1, E2} then g = 0 by Corollary 3.5. Then H (F ) = {E1, . . . ,Er} with
r ≥ 3. Suppose r = 3 and put
E1 =
⋃
Zi, E2 =
⋃
Wj , E3 =
⋃
Th.
If c(F ) = 1 there is nothing to prove. Thus we can assume c(F ) > 1 and b1(E1) = −(Z1)
2 = 2;
by Lemma 4.7 we have b1(E2) ≥ 3 and b1(E3) ≥ 3. Let us write
(27) E1 : [(2)
k, l + 3, . . .] =
n1
q1
, k > 0, l ≥ 0;
therefore we can contract the central component Y of F and the images of Z1, . . . , Zk, but not
the image of Zk+1. After these contractions, the images of the curves W1 and T1 are tangent
at one point. If also W1 can be contracted, then the image of T1 becomes singular, hence E3
contains no contractible components. If r ≥ 4 the argument is the same. 
Proposition 4.11. Let F be a (−1)-fibre such that c(F ) = 1. Then δ(F ) ≥ 2 + 23 and equality
holds if and only if F is of type
(
1
3 ,
1
3 ,
1
3
)
.
Proof. Since c(F ) = 1 we have H (F ) = {E1, . . . ,Er}, with r ≥ 3 and b1(Ei) ≥ 3 for all i
(Lemma 4.7). Thus Corollary 1.10 implies
δ(F ) =
1
3
r∑
i=1
B(Ei)− 1 ≥
1
3
· 3 ·B
(
1
3
)
− 1 = 2 +
2
3
and equality holds if and only if H (F ) =
{
E1, E2, E3
}
and all Ei are of type
1
3(1, 1). 
Proposition 4.12. Let F be a (−1)-fibre in genus g ≥ 1 such that c(F ) ≥ 2. If H (F ) =
{E1, . . . ,Er}, then E1 and E2 belong to one of the following cases.
Case 1. E1 : [(2)
k1 , ∗ ∗ ∗]
E2 : [∗ ∗ ∗]
Case 2. E1 : [(2)
k1 , ∗ ∗ ∗]
E2 : [k1 + 2, ∗ ∗ ∗]
Case 3. E1 : [(2)
k1 , l1 + 3, (2)
k2 , . . . , (2)kt−1 , lt−1 + 3, (2)
kt , ∗ ∗ ∗]
E2 : [k1 + 2, (2)
l1 , k2 + 3, . . . , kt−1 + 3, (2)
lt−1 , kt + 3, ∗ ∗ ∗] t ≥ 1,
Case 4. E1 : [(2)
k1 , l1 + 3, (2)
k2 , . . . , (2)kt−1 , lt−1 + 3, (2)
kt , ∗ ∗ ∗]
E2 : [k1 + 2, (2)
l1 , k2 + 3, . . . , kt−1 + 3, (2)
lt−1 , ∗ ∗ ∗] t ≥ 2,
where ki, lj ≥ 0 and “ ∗ ∗ ∗ ” denotes the non-contractible part of the HJ-string.
Proof. By Lemma 4.10 we may assume that all contractible components of F , different from the
central component Y , belong to E1 ∪ E2. Moreover, since c(F ) ≥ 2 and g ≥ 1, we can suppose
b1(E1) = 2 and b1(E2) ≥ 3 (Lemma 4.7). Set
E1 =
⋃
Zi, E2 =
⋃
Wj
and
E1 : [(2)
k1 , l1 + 3, (2)
k2 , l2 + 3, . . .] ki, lj ≥ 0, k1 > 0,
E2 : [u1 + 3, (2)
v1 , u2 + 3, (2)
v2 , . . .] ui, vj ≥ 0.
Now we start the contraction process described in Subsection 4.1; since g ≥ 1, it never gives rise
to rational curves with self-intersection equal to 0. First, we can contract the central component
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Y and the images of the curves Z1, . . . , Zk1 , but not the image of Zk1+1; then either we stop or
the image of W1 has self-intersection (−1), that forces u1 = k1− 1. In this case we can contract
the images of W1, . . . ,Wv1+1, but not the image of Wv1+2; then either we stop or the image of
Zk1+1 has self-intersection (−1), which gives v1 = l1. In the same way we obtain
ui = ki and vi = li for all i ≥ 2.
Repeated application of this argument yields either one of Cases 1, . . . , 4 described in the state-
ment or one of Cases 3′, 4′ below.
Case 3′. E1 : [(2)
k1 , l1 + 3, (2)
k2 , . . . , (2)kt , lt + 3, ∗ ∗ ∗]
E2 : [k1 + 2, (2)
l1 , k2 + 3, . . . , kt + 3, (2)
lt , ∗ ∗ ∗]
Case 4′. E1 : [(2)
k1 , l1 + 3, (2)
k2 , . . . , (2)kt , ∗ ∗ ∗]
E2 : [k1 + 2, (2)
l1 , k2 + 3, . . . , kt + 3, (2)
lt , ∗ ∗ ∗].
Finally we observe that Case 3′ (resp. Case 4′) is obtained by putting k1 = 0 in Case 3 (resp.
in Case 4) and interchanging E1 and E2. This completes the proof. 
Proposition 4.13. Let F be a (−1)-fibre in genus g ≥ 1. Then δ(F ) > 2 with exactly the
following two exceptions:
(i) F is of type
(
1
2 ,
1
3 ,
1
6
)
; in this case g = 1 and δ(F ) = 1 + 13 .
(ii) F is of type
(
1
2 ,
1
4 ,
1
4
)
; in this case g = 1 and δ(F ) = 2.
Proof. Set H (F ) = {E1, . . . ,Er}, where each Ei is of type
1
ni
(1, qi); by Lemma 4.10 we have
r ≥ 3. Since we dealt with the case c(F ) = 1 in Proposition 4.11, we may assume c(F ) ≥ 2.
Moreover by Lemma 4.10 we can suppose that Ei contains no contractible components for i ≥ 3.
We will discuss Cases 1, . . . , 4 of Proposition 4.12 separately.
Case 1. E1 : [(2)
k1 , ∗ ∗ ∗]
E2 : [∗ ∗ ∗].
In this case
(28) c(F ) = ℓ
(
k1
k1 + 1
)
+ 1 = k1 + 1.
By Propositions 1.6 and 1.9 it follows
q1
n1
≥
k1
k1 + 1
and B
(
q1
n1
)
≥ B
(
k1
k1 + 1
)
= 2k1 +
2k1
k1 + 1
.
Moreover
r∑
i=2
qi
ni
= 1−
q1
n1
≤ 1−
k1
k1 + 1
=
1
k1 + 1
.
Then we may assume
q2
n2
≤
1
(r − 1)(k1 + 1)
≤
1
2(k1 + 1)
hence b1(E2) = ⌈
n2
q2
⌉ ≥ 2(k1 + 1); moreover b1(E3) ≥ k1 + 3 since E3 contains no contractible
components. Thus Corollary 1.10 implies
B
(
q2
n2
)
≥ 2(k1 + 1) +
1
k1 + 1
, B
(
q3
n3
)
≥ k1 + 3 +
2
k1 + 3
.
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Then
δ(F ) ≥
1
3
B
(
E1
)
+
1
3
B
(
E2
)
+
1
3
B
(
E3
)
− c(F )
≥
1
3
(
2k1 + 4 +
k1 − 1
(k1 + 1)(k1 + 3)
)
≥ 2
(29)
and equality holds if and only if F is of type
(
1
2 ,
1
4 ,
1
4
)
.
Case 2. E1 : [(2)
k1 , ∗ ∗ ∗]
E2 : [k1 + 2, ∗ ∗ ∗] k1 ≥ 1.
In this case
(30) c(F ) = ℓ
(
k1
k1 + 1
)
+ ℓ
(
1
k1 + 2
)
+ 1 = k1 + 2.
By Proposition 1.6 it follows
q1
n1
≥
k1
k1 + 1
,
q2
n2
≥
1
k1 + 2
and Proposition 1.9 implies
B
(
q1
n1
)
≥ B
(
k1
k1 + 1
)
= 2k1 +
2k1
k1 + 1
,
B
(
q2
n2
)
≥ B
(
1
k1 + 2
)
= k1 + 2 +
2
k1 + 2
.
Moreover
r∑
i=3
qi
ni
= 1−
q1
n1
−
q2
n2
≤ 1−
k1
k1 + 1
−
1
k1 + 2
=
1
(k1 + 1)(k1 + 2)
.
Then we may assume
q3
n3
≤
1
(r − 2)(k1 + 1)(k1 + 2)
≤
1
(k1 + 1)(k1 + 2)
hence b1(E3) = ⌈
n3
q3
⌉ ≥ (k1 + 1)(k1 + 2). Thus Corollary 1.10 yields
B
(
q3
n3
)
≥ (k1 + 1)(k1 + 2) +
2
(k1 + 1)(k1 + 2)
.
Therefore we obtain
δ(F ) ≥
1
3
B
(
E1
)
+
1
3
B
(
E2
)
+
1
3
B
(
E3
)
− c(F )
≥
1
3
k1(k1 + 3) ≥ 1 +
1
3
(31)
and equality holds if and only if F is of type
(
1
2 ,
1
3 ,
1
6
)
.
Case 3. E1 : [(2)
k1 , l1 + 3, (2)
k2 , . . . , (2)kt−1 , lt−1 + 3, (2)
kt , ∗ ∗ ∗]
E2 : [k1 + 2, (2)
l1 , k2 + 3, . . . , kt−1 + 3, (2)
lt−1 , kt + 3, ∗ ∗ ∗], t ≥ 2.
Let n, q be coprime integers such that
[(2)k1 , l1 + 3, (2)
k2 , . . . , (2)kt−1 , lt−1 + 3, (2)
kt ] =
n
n− q′
and let a be such that qq′ = 1 + an. Then Proposition 1.12 yields
[k1 + 2, (2)
l1 , k2 + 3, . . . , kt−1 + 3, (2)
lt−1 , kt + 3] =
n+ q
a+ q′
.
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Notice that if n
n−q′ = 2 then
n+q
a+q′ = 3, and by interchanging E1 and E2 we are in Case 2; hence
we may assume n ≥ 3. We have
(32) c(F ) = ℓ
(
n− q′
n
)
+ ℓ
(
a+ q′
n+ q
)
+ 1 =
t∑
i=1
(ki + 1) +
t−1∑
i=1
(li + 1) + 1.
By Proposition 1.6 it follows
q1
n1
≥
n− q′
n
,
q2
n2
≥
a+ q′
n+ q
and Proposition 1.9 gives
(33) B
(
q1
n1
)
≥ B
(
n− q′
n
)
, B
(
q2
n2
)
≥ B
(
a+ q′
n + q
)
.
Moreover
r∑
i=3
qi
ni
≤ 1−
n− q′
n
−
a+ q′
n+ q
=
1
n(n+ q)
.
Then we may assume
q3
n3
≤
1
(r − 2)n(n + q)
≤
1
n(n+ q)
hence b1(E3) = ⌈
n3
q3
⌉ ≥ n(n+ q). By Corollary 1.10 this implies
(34) B
(
q3
n3
)
≥ n(n+ q) +
2
n(n+ q)
.
Estimates (33) and (34) together with (14) now yield
δ(F ) ≥
1
3
B
(
E1
)
+
1
3
B
(
E2
)
+
1
3
B
(
E3
)
− c(F )
≥
1
3
(
1−
1 + q2
n(n+ q)
+ n(n+ q) +
2
n(n+ q)
)
− 1.
(35)
Since n ≥ 3 we obtain δ(F ) > 3.
Case 4. E1 : [(2)
k1 , l1 + 3, (2)
k2 , . . . , (2)kt−1 , lt−1 + 3, (2)
kt , ∗ ∗ ∗]
E2 : [k1 + 2, (2)
l1 , k2 + 3, . . . , kt−1 + 3, (2)
lt−1 , ∗ ∗ ∗], t ≥ 2.
Let n, q be coprime integers such that
[(2)k1 , l1 + 3, (2)
k2 , . . . , (2)kt−1 , lt−1 + 3, (2)
kt ] =
n
n− q′
and let a be such that qq′ = 1 + an. Then Proposition 1.12 yields
[k1 + 2, (2)
l1 , k2 + 3, . . . , kt−1 + 3, (2)
lt−1 ] =
q
a
.
Notice that q ≥ 2. If n = 3, q = 2 we obtain n
n−q′ = 3,
q
a
= 2, so by interchanging E1 and E2 we
are in Case 2; analogously if n = 4, q = 3. Hence we can suppose n ≥ 5. We have
(36) c(F ) = ℓ
(
n− q′
n
)
+ ℓ
(
a
q
)
+ 1 =
t∑
i=1
(ki + 1) +
t−1∑
i=1
(li + 1).
By Proposition 1.6 it follows
q1
n1
≥
n− q′
n
,
q2
n2
≥
a
q
and Proposition 1.9 gives
(37) B
(
q1
n1
)
≥ B
(
n− q′
n
)
, B
(
q2
n2
)
≥ B
(
a
q
)
.
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Moreover
r∑
i=3
qi
ni
= 1−
q1
n1
−
q2
n2
≤ 1−
n− q′
n
−
a
q
=
1
nq
.
Then we may assume
q3
n3
≤
1
(r − 2)nq
≤
1
nq
hence b1(E3) = ⌈
n3
q3
⌉ ≥ nq. By Corollary 1.10 this implies
(38) B
(
q3
n3
)
≥ nq +
2
nq
.
Estimates (37) and (38) together with (15) now yield
δ(F ) ≥
1
3
B
(
E1
)
+
1
3
B
(
E2
)
+
1
3
B
(
E3
)
− c(F )
≥
1
3
(
n−
1
n
)(
q −
1
q
)
.
(39)
Since n ≥ 5 and q ≥ 2 it follows δ(F ) ≥ 2 + 25 . 
Summarizing Lemma 4.6, Proposition 4.8 and Proposition 4.13 we obtain
Corollary 4.14. Let F be a reducible fibre of α2 : S −→ C2/G. Then δ(F ) ≥ 0 and moreover
the following holds.
• If g(C1) = 0 then F is a (−1)-fibre and δ(F ) = 0. Conversely, if δ(F ) = 0 then F is a
(−1)-fibre and g(C1) = 0.
• If g(C1) ≥ 1 then δ(F ) > 2, with precisely three exceptions:
(i) g(C1) = 1 and F is a (−1)-fibre of type
(
1
2 ,
1
3 ,
1
6
)
. In this case δ(F ) = 1 + 13 ;
(ii) g(C1) = 1 and F is a (−1)-fibre of type
(
1
2 ,
1
4 ,
1
4
)
. In this case δ(F ) = 2;
(iii) F is of type
(
1
2 ,
1
2
)
but it is not a (−1)-fibre. In this case δ(F ) = 2.
In particular, if S is of general type then the only possible exception is (iii).
Notice that in case (iii) the central component Y of F satisfies Y 2 = −1 but it is not a
rational curve.
Proposition 4.15. Let λ : S −→ T = (C1 × C2)/G be a standard isotrivial fibration and let
αˆ2 : Ŝ −→ C2/G be the relatively minimal model of α2 : S −→ C2/G. Then
K2
Ŝ
≤ 8χ(O
Ŝ
)
and equality holds if and only if either S is a quasi-bundle or g(C1) = 0. Otherwise we have
K2
Ŝ
≤ 8χ(O
Ŝ
)− 2
and equality holds if and only if α2 contains exactly one reducible fibre F , which is of type
(
1
2 ,
1
2)
and which is not a (−1)-fibre (in particular this implies Ŝ = S).
Proof. By using formula (26) and Corollary 4.14 we obtain K2
Ŝ
≤ 8χ(O
Ŝ
), and equality holds if
and only if either
(i) Crit(α2)
′ = ∅, that is S is a quasi-bundle, or
(ii) g(C1) = 0.
Otherwise, since both K2
Ŝ
and χ(O
Ŝ
) are integers, we have K2
Ŝ
≤ 8χ(O
Ŝ
)−2, and equality holds
if and only if α2 contains exactly one reducible fibre F and either
(i′) g(C1) = 1 and F is a (−1) fibre of type
(
1
2 ,
1
4 ,
1
4
)
, or
(ii′) F is of type
(
1
2 ,
1
2
)
, but it is not a (−1)-fibre.
Assume now that case (i′) occurs. Therefore, by using Proposition 2.5 we would obtainK2S = −2
and e(S) = 5, contradicting Noether’s formula. Therefore the only possibility is (ii′). 
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Proposition 4.16. Assume that q(S) ≥ 1 and that S is neither ruled nor a quasi-bundle. Then,
up to interchanging C1 and C2, the surface Ŝ is the minimal model of S and we have
(40) K2
Ŝ
≤ 8χ(O
Ŝ
)− 2.
Equality holds if and only if Sing(T ) = 2× 12(1, 1), and in this case S = Ŝ is a minimal surface
of general type.
Proof. Consider the relatively minimal fibration αˆ2 : Ŝ −→ C2/G. Since q(S) ≥ 1, up to
interchanging C1 and C2 we can suppose g(C2/G) ≥ 1, hence Ŝ is the minimal model of S. We
are also assuming that S is not ruled, so g(C1) ≥ 1 and Proposition 4.15 gives K
2
Ŝ
≤ 8χ(O
Ŝ
)−2.
Equality occurs if and only if α2 contains exactly one reducible fibre, which is of type
(
1
2 ,
1
2)
and which is not a (−1)-fibre; this implies S = Ŝ, hence S is minimal and consequently KS is
nef. Therefore relation K2S = 8χ(OS)− 2 yields K
2
S ≥ 6, that is S is of general type. 
Corollary 4.17. Let S be a standard isotrivial fibration, with kod(S) = 0 or 1 and χ(OS) = 0.
Then S is a quasi-bundle.
Proof. Since χ(OS) = 0 we obtain q(S) ≥ 1, hence Ŝ is the minimal model of S. Now kod(S) = 0
or 1 yields 0 = K2
Ŝ
= 8χ(O
Ŝ
), so Proposition 4.15 implies that S is a quasi-bundle. 
Remark 4.18. If kod(S) = 0, then Corollary 4.17 applies when S is either abelian or bielliptic.
If instead kod(S) = 1, it applies when S is any properly elliptic surface with χ(OS) = 0 (examples
of such surfaces are described in [Se92]).
Finally, observe that there exist (non-minimal) properly elliptic surfaces with χ(OS) = 1 that
are standard isotrivial fibrations but not quasi-bundles, see Example 3.7. This show that the
assumption χ(OS) = 0 in Corollary 4.17 cannot be dropped.
Under the further assumption that K
Ŝ
is ample, we can improve inequality (40) as follows.
Proposition 4.19. Assume that q(S) ≥ 1, S is not a quasi-bundle and K
Ŝ
is ample. Then, up
to interchanging C1 and C2, the surface Ŝ is the minimal model of S and we have
(41) K2
Ŝ
≤ 8χ(O
Ŝ
)− 5.
Proof. By Proposition 4.16 we must show that, if K
Ŝ
is ample, the two cases K2
Ŝ
= 8χ(O
Ŝ
)− 3
and K2
Ŝ
= 8χ(O
Ŝ
)− 4 do not occur. This will be consequence of Lemmas 4.20 and 4.21 below.
Lemma 4.20. If K
Ŝ
is ample, then K2
Ŝ
= 8χ(O
Ŝ
)− 3 does not occur.
By contradiction, assume that this case occurs. Since Ŝ is of general type, by formula (26)
and Corollary 4.14 it follows that α2 : S −→ C2/G contains exactly one reducible fibre F , which
satisfies δ(F ) = 3. Assuming that F is of type
(
q1
n1
, . . . , qr
nr
)
, there are two subcases.
Subcase (1). F is not a (−1)-fibre. This implies S = Ŝ and
∑r
i=1B
(
qi
ni
)
= 9. Since
∑r
i=1
qi
ni
∈ Z,
by looking at the table in Appendix B we see that the only possibility for the type of F is
(
1
3 ,
2
3
)
,
see also [MiPol08, Proposition 4.1], and this contradicts the ampleness of the canonical bundle.
Hence (1) does not occur.
Subcase (2). F is a (−1)-fibre. By using estimates (29), (31), (35), (39), we can check that
the only possibilities for the type of F are
(
2
3 ,
1
6 ,
1
6
)
and
(
1
2 ,
1
8 ,
3
8
)
, see also Appendix A. But
in the latter case K
Ŝ
would not be ample, hence F is necessarily of type
(
2
3 ,
1
6 ,
1
6
)
. Therefore
g(C1) = 2. Moreover, since F is a (−1)-fibre, we have g(C1/G) = 0; setting g
′ := g(C2/G), it
follows that G is both (0 |m)-generated and (g′ |n)-generated, where m := (m1, . . . ,mr) and
n := (n1, . . . , ns); we will denote by
(42) V := {g1, . . . , gr} and W := {ℓ1, . . . , ℓs; h1, . . . , h2g′}
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the corresponding generating vectors, see Section 1. The group G acts in genus 2 with rational
quotient; moreover, since
(43) Sing(T ) =
1
3
(1, 2) + 2×
1
6
(1, 1),
at least one of the mi must be divisible by 6. Looking at [Br90, p. 252] and [Pol07, Appendix
A], we see that there are at most two possibilities:
(2a) G = Z2 × Z6, m = (2, 6
2);
(2b) G = Z2 ⋉ ((Z2)
2 × Z3) = G(24, 8), m = (2, 4, 6),
where G = G(24, 8) means that G has the label number 8 in the GAP4 list of groups of order
24, see [Pol07]. Let us analyze (2a) and (2b) separately.
Assume (2a) occurs. Set G = 〈x, y |x2 = y6 = [x, y] = 1〉. Up to automorphisms, we may
suppose
g1 = x, g2 = xy
−1, g3 = y,
ℓ1 = y.
Set S := 〈g1〉 ∪ 〈g2〉 ∪ 〈g3〉. Since G is abelian, s ≥ 2 (Remark 1.2); moreover there is just one
reducible fibre, so we must have
〈ℓ2〉 ∪ · · · ∪ 〈ℓs〉 ⊆ G \S = {xy
2, xy4}.
But this is impossible, since (xy2)2 = y4 ∈ S and (xy4)2 = y2 ∈ S . Therefore (2a) does not
occur.
Assume (2b) occurs. The presentation of G = G(24, 8) is
G = 〈x, y, z, w |x2 = y2 = z2 = w3 = 1,
[y, z] = [y, w] = [z, w] = 1,
xyx−1 = y, xzx−1 = zy, xwx−1 = w−1〉.
It is no difficult to check that this group contains exactly one conjugacy class of elements of order
3, namely Cl(w) = {w, w−1}. In particular every element of order 3 is conjugate to its inverse,
hence Corollary 1.5 implies that if T contains some singularity of type 13(1, 2), it must also con-
tain some singularity of type 13(1, 1). But this contradicts (43), hence (2b) must be excluded too.
This completes the proof of Lemma 4.20.
Lemma 4.21. If K
Ŝ
is ample, then K2
Ŝ
= 8χ(O
Ŝ
)− 4 does not occur.
Again, assume by contradiction that this case occurs. As in the proof of Lemma 4.20, we
see that α2 : S −→ C2/G contains just one reducible fibre, which must be a (−1)-fibre with
δ(F ) = 4. By using estimates (29), (31), (35), (39), we see that the only possibilities for the
type of F are
(
3
4 ,
1
8 ,
1
8
)
and
(
1
2 ,
1
12 ,
5
12
)
. One immediately checks that in the latter case K
Ŝ
would not be ample, hence F is necessarily of type
(
3
4 ,
1
8 ,
1
8
)
. Therefore g(C1) = 3. Moreover,
since F is a (−1)-fibre we have g(C1/G) = 0; setting g
′ := g(C2/G), it follows that G is both
(0 |m)-generated and (g′ |n)-generated, where m := (m1, . . . ,mr) and n := (n1, . . . , ns); we
will denote the corresponding generating vectors as in (42). The group G acts in genus 3 with
rational quotient; moreover, since
(44) Sing(T ) =
1
4
(1, 3) + 2×
1
8
(1, 1),
at least one of the mi must be divisible by 8. Looking at [Br90, p. 252] and [Pol07, Appendix
A], we see that there are at most five possibilities:
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(a) G = Z2 × Z8, m = (2, 8
2),
(b) G = D2, 8, 5 = G(16, 6), m = (2, 8
2),
(c) G = Z2 ⋉ (Z2 × Z8) = G(32, 9), m = (2, 4, 8),
(d) G = Z2 ⋉D2,8,5 = G(32, 11), m = (2, 4, 8),
(e) G = S3 ⋉ (Z4)
2 = G(96, 64), m = (2, 3, 8).
We first rule out Case (a). Set
G = 〈x, y, |x2 = y8 = [x, y] = 1〉.
Up to automorphisms, we may assume
g1 = x, g2 = xy
−1, g3 = y,
ℓ1 = y.
Set S := 〈g1〉∪ 〈g2〉∪ 〈g3〉. Since G is abelian, s ≥ 2. Moreover there is just one reducible fibre,
so we must have
〈ℓ2〉 ∪ · · · ∪ 〈ℓs〉 ⊆ G \S = {xy
2, xy4, xy6}.
But (xy2)2 = (xy6)2 = y4 ∈ S , so we obtain ℓ2 = . . . = ℓs = xy
4. On the other hand,
1 = ℓ1ℓ2 · · · ℓs · Π
g′
i=1[hi, hi+g′ ] = ℓ1ℓ2 · · · ℓs,
so y = ℓ1 ∈ 〈xy
4〉 which is a contradiction. Hence (a) must be excluded.
Now we rule out Cases (b), . . . , (e). Notice that (44) implies that the group G must satisfy
the following condition:
(∗) there exists an element g ∈ G such that |g| = 8 and g is not conjugate to g3, g5, g7.
By using GAP4 (or by means of tedious hand-made computations) we can easily check that
in Cases (b), (d) and (e) every g ∈ G with |g| = 8 is conjugate to g5, so condition (∗) is not
satisfied. Therefore we are only left to exclude (c). In Case (c) the presentation of G = G(32, 9)
is
G = 〈x, y, z, |x2 = y2 = z8 = 1, [x, y] = [y, z] = 1, xzx−1 = yz3〉.
By simple GAP4 scripts one checks that the automorphism group Aut(G) has order 64, and that
G admits precisely 64 generating vectors V = {g1, g2, g3} of type (0 | 2, 4, 8), which form a
unique orbit for the action of Aut(G). Hence, up to automorphisms, we may assume that V is
as follows:
g1 = x, g2 = xz
−1, g3 = z.
Set g′ = g(C2/G) and let W := {ℓ1, . . . , ℓs; h1, . . . , h2g′} be the generating vector of type
(g′ |n1, . . . , ns) inducing the covering C2 −→ C2/G. The group G contains no elements of order
greater than 8, so by (44) we may assume ℓ1 = z, and since z /∈ [G, G] = 〈yz
2〉, we have s ≥ 2.
Put
S :=
⋃
σ∈G
3⋃
i=1
〈σgiσ
−1〉;
since α2 : S −→ C2/G contains exactly one reducible fibre, we obtain
〈ℓ2〉 ∪ · · · ∪ 〈ℓs〉 ⊆ G \S = {yz
2, xz2, xyz2x, zxz, z2x, y, xy} ⊂ 〈x, y, z2〉.
In particular this implies
(45) ℓ2ℓ3 . . . ℓs ∈ 〈x, y, z
2〉.
On the other hand
(46) ℓ1ℓ2 . . . ℓs =
(
Πg
′
i=1[hi, hi+g′ ]
)−1
∈ [G, G] = 〈yz2〉 ⊂ 〈x, y, z2〉,
hence (45) and (46) together imply z = ℓ1 ∈ 〈x, y, z
2〉, a contradiction. Therefore Case (c) does
not occur, and this shows Lemma 4.21.
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The proof of Proposition 4.19 is now complete. 
In [Se96] Serrano showed that any isotrivial fibred surface X satisfies K2X ≤ 8χ(OX). More-
over, S. L. Tan proved in [Tan96] that equality holds if and only ifX is either ruled or isomorphic
to a quasi-bundle. By using Propositions 4.16 and 4.19, we are led to the following strengthening
of Serrano’s and Tan’s results.
Theorem 4.22. Let ϕ : X −→ C be any relatively minimal isotrivial fibration, with X non
ruled and g(C) ≥ 1. If X is not isomorphic to a quasi-bundle, we have
(47) K2X ≤ 8χ(OX)− 2
and if equality holds then X is a minimal surface of general type whose canonical model has
precisely two ordinary double points as singularities.
Moreover, under the further assumption that KX is ample, we have
(48) K2X ≤ 8χ(OX)− 5.
Finally, both inequalities (47) and (48) are sharp.
Proof. By Remark 2.2 there exist a standard isotrivial fibration λ : S −→ T = (C1×C2)/G and
a birational map T 99K X such that the diagram
(49) S
λ

ψ
##F
F
F
F
F
F
F
F
F
T //____
σ2

X
ϕ

C2/G
∼=
// C
commutes. Since ϕ is relatively minimal and g(C) ≥ 1, the surface X is a minimal model. As X
is not ruled KX is nef, so the rational map ψ : S −→ X is actually a morphism, which induces
an isomorphism ψˆ : Ŝ −→ X. Thus Propositions 4.16 and 4.19 imply inequalities (47) and (48).
Finally, both these inequalities are sharp, in fact:
• there exist examples of relatively minimal isotrivial fibrations X −→ C with g(C) = 1,
pg(X) = q(X) = 1 and K
2
X = 6, see [Pol07, Section 7.1];
• there exist examples of relatively minimal isotrivial fibrations with g(C) = 1, pg(X) =
q(X) = 1, K2S = 3 and KS ample, see [MiPol08, Section 5.5]. The fibres have genus 3
and there is a unique singular fibre, composed of four (−3) curves intersecting in one
single point.
This concludes the proof of Theorem 4.22. 
Remark 4.23. If KX is not ample, then both cases K
2
X = 8χ(OX)− 3 and K
2
X = 8χ(OX)− 4
actually occur. For instance, there are examples of relatively minimal isotrivial fibrations with
g(C) = 1, pg(X) = q(X) = 1 and K
2
X = 5, 4, see [MiPol08] and [Pol07].
We end this section with an open problem.
Problem 4.24. What happens if one drops the assumptions q(S) ≥ 1 in Proposition 4.16 and
g(C) ≥ 1 in Theorem 4.22?
Appendix A. The classification of (−1)-fibres for low values of g
For low values of g there exists a complete classification of cyclic groups acting in genus g
with rational quotient; by Corollary 3.4 this provides in turn a complete classification of the
corresponding (−1)-fibres. Since Corollary 3.5 settles the case g = 0, we may assume g ≥ 1.
If F is any (−1)-fibre of α2 : S −→ C2/G, we denote by Fmin := π(F ) the image of F in the
relative minimal model Ŝ.
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4.2. The case g = 1.
Proposition 4.25. There are precisely three types of (−1)-fibres F in genus g = 1. The type
of F , the values of c(F ) and δ(F ) and the type of Fmin in the Kodaira classification of elliptic
singular fibres are as in the table below.
Type of F c(F ) δ(F ) Type of Fmin(
1
3 ,
1
3 ,
1
3
)
1 2 + 23 IV (A˜2)(
1
2 ,
1
4 ,
1
4
)
2 2 III(A˜1)(
1
2 ,
1
3 ,
1
6
)
3 1 + 13 II
Proof. The cyclic groups G acting in genus 1 with rational quotient and the corresponding
signatures are as follows ([Bre00, p. 9]):
(i) G = Z2, (0 | 2
4);
(ii) G = Z3, (0 | 3
3);
(iii) G = Z4, (0 | 2, 4
2);
(iv) G = Z6, (0 | 2, 3, 6).
In case (i) we cannot have a (−1)-fibre.
In case (ii) a (−1)-fibre F is necessarily of type
(
1
3 ,
1
3 ,
1
3
)
; Fmin is obtained by contracting only
the central component, hence c(F ) = 1 and δ(F ) = B(13)− 1 = 2 +
2
3 .
In case (iii) a (−1)-fibre is necessarily of type
(
1
2 ,
1
4 ,
1
4
)
; Fmin is obtained by performing two
blow-downs, hence c(F ) = 2 and δ(F ) = 13(B(
1
2 ) + 2B(
1
4 ))− 2 = 2.
In case (iv) a (−1)-fibre is necessarily of type
(
1
2 ,
1
3 ,
1
6
)
; Fmin is obtained by performing three
blow-downs, hence c(F ) = 3 and δ(F ) = 13(B(
1
2 ) +B(
1
3) +B(
1
6))− 3 = 1 +
1
3 .
In each case the blow-down process and the type of Fmin are illustrated in Figure 2. This
completes the proof.
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Figure 2. (−1)-fibres and their minimal models in genus 1

Remark 4.26. Proposition 4.25 generalizes Serrano’s example of a nonstandard elliptic isotriv-
ial fibration having a singular fibre of type II (see [Se90, Proposition 2.5]). A strictly related
result, namely the existence of isotrivial elliptic fibrations f : X −→ D over an open disk having
the central fibre of type IV (A˜2), III(A˜1) or II, appears in [BPV84, Chapter V, p. 137-138].
4.3. The cases g = 2 and g = 3. Ogg classified in [Ogg66] all singular fibres that may occur
in pencils of genus 2 curves; in particular he showed that they are either irreducible or belong
to 44 reducible types. In the following proposition we classify all (−1) fibres F in genus 2 and
we give the corresponding type of Fmin according to Ogg’s classification.
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Proposition 4.27. There are precisely six types of (−1)-fibres F in genus g = 2. The type of
F , the values of c(F ) and δ(F ) and the type of Fmin are as in the table below.
Type of F c(F ) δ(F ) Type of Fmin(
1
5 ,
1
5 ,
3
5
)
2 3 + 35 Type 36(
1
5 ,
2
5 ,
2
5
)
1 4 + 45 Type 8(
2
3 ,
1
6 ,
1
6
)
3 3 Type 34(
1
2 ,
1
8 ,
3
8
)
3 3 Type 1(
1
2 ,
1
5 ,
3
10
)
2 3 + 45 Type 16(
1
2 ,
2
5 ,
1
10
)
4 2 + 25 Irreducible
Proof. The cyclic groupsG acting in genus 2 with rational quotient and the respective signatures
are as follows ([Br90, p. 252]):
(i) G = Z2, (0 | 2
6);
(ii) G = Z3, (0 | 3
4);
(iii) G = Z4, (0 | 2
2, 42);
(iv) G = Z5, (0 | 5
3);
(v) G = Z6, (0 | 3, 6
2);
(vi) G = Z6, (0 | 2
2, 32);
(vii) G = Z8, (0 | 2, 8
2);
(viii) G = Z10, (0 | 2, 5, 10).
In cases (i), (ii), (iii) and (vi) we cannot have any (−1)-fibre.
In case (iv), if F is a (−1)-fibre there are two possibilities:
(iva) F is of type
(
1
5 ,
1
5 ,
3
5
)
; we have c(F ) = 2 and δ(F ) = 13 (2B(
1
5 ) +B(
3
5))− 2 = 3 +
3
5 ;
(ivb) F is of type
(
1
5 ,
2
5 ,
2
5
)
; we have c(F ) = 1, hence δ(F ) = 13(B(
1
5 ) + 2B(
2
5 ))− 1 = 4 +
4
5 .
In case (v) a (−1)-fibre is necessarily of type
(
2
3 ,
1
6 ,
1
6
)
; we have c(F ) = 3, hence δ(F ) =
1
3(B(
2
3 ) + 2B(
1
6 ))− 3 = 3.
In case (vii) a (−1)-fibre is necessarily of type
(
1
2 ,
1
8 ,
3
8
)
; we have c(F ) = 3, hence δ(F ) =
1
3(B(
1
2 ) +B(
1
8) +B(
3
8))− 3 = 3.
In case (viii) there are again two possibilities:
(viiia) F is of type
(
1
2 ,
1
5 ,
3
10
)
; we have c(F ) = 2, hence δ(F ) = 13(B(
1
2 )+B(
1
5)+B(
3
10 ))−2 = 3+
4
5 ;
(viiib) F is of type
(
1
2 ,
2
5 ,
1
10
)
; we have c(F ) = 4, hence δ(F ) = 13 (B(
1
2)+B(
2
5)+B(
1
10))−4 = 2+
2
5 .
By looking at the classification of singular fibres in [Ogg66], one sees that the types of Fmin are
precisely those in our table and this completes the proof. 
In the same way, we can give the following list of (−1)-fibres in genus 3.
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Proposition 4.28. There are precisely 17 types of (−1)-fibres F in genus g = 3. The type of
F and the corresponding values of c(F ) and δ(F ) are as in the table below.
Type of F c(F ) δ(F )(
1
4 ,
1
4 ,
1
4 ,
1
4
)
1 5(
1
7 ,
1
7 ,
5
7
)
3 4 + 47(
1
7 ,
2
7 ,
4
7
)
2 5(
1
7 ,
3
7 ,
3
7
)
1 6 + 67(
2
7 ,
2
7 ,
3
7
)
1 6 + 27(
1
4 ,
1
8 ,
5
8
)
2 5(
1
4 ,
3
8 ,
3
8
)
1 5(
3
4 ,
1
8 ,
1
8
)
4 4(
1
3 ,
1
9 ,
5
9
)
3 3 + 89(
1
3 ,
2
9 ,
4
9
)
1 6 + 29(
2
3 ,
1
9 ,
2
9
)
3 4 + 49(
1
2 ,
1
12 ,
5
12
)
4 4(
1
3 ,
1
4 ,
5
12
)
1 4 + 23(
2
3 ,
1
4 ,
1
12
)
4 3 + 13(
1
2 ,
1
7 ,
5
14
)
3 3 + 27(
1
2 ,
2
7 ,
3
14
)
2 4 + 17(
1
2 ,
3
7 ,
1
14
)
5 3 + 37
Proof. The cyclic groups G acting in genus 3 with rational quotient and the corresponding
signatures are as follows ([Br90, p. 254-255]):
(i) G = Z2, (0 | 2
8);
(ii) G = Z3, (0 | 3
5);
(iii) G = Z4, (0 | 4
4);
(iv) G = Z4, (0 | 2
3, 42);
(v) G = Z6, (0 | 2
2, 62);
(vi) G = Z6, (0 | 2, 3
2, 6);
(vii) G = Z7, (0 | 7
3);
(viii) G = Z8, (0 | 4, 8
2);
(ix) G = Z9, (0 | 3, 9
2);
(x) G = Z12, (0 | 2, 12
2);
(xi) G = Z12, (0 | 3, 4, 12);
(xii) G = Z14, (0 | 2, 7, 14).
In cases (i), (ii), (iv), (v) and (vi) we cannot have any (−1)-fibre, whereas the remaining
possibilities give the occurrences in the table. The details are as in the proof of Proposition
4.27 and they are left to the reader, who can check them by using the table in Appendix B.

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Appendix B. List of cyclic quotient singularities x = 1
n
(1, q) with 2 ≤ n ≤ 14.
1
n
(1, q) n/q = [b1, . . . , bs]
1
n
(1, q′) B
(
q
n
)
h
(
q
n
)
1
2(1, 1) [2]
1
2(1, 1) 3 0
1
3(1, 1) [3]
1
3(1, 1) 3 + 2/3 −1/3
1
3(1, 2) [2, 2]
1
3(1, 2) 5 + 1/3 0
1
4(1, 1) [4]
1
4(1, 1) 4 + 1/2 −1
1
4(1, 3) [2, 2, 2]
1
4(1, 3) 7 + 1/2 0
1
5(1, 1) [5]
1
5(1, 1) 5 + 2/5 −9/5
1
5(1, 2) [3, 2]
1
5(1, 3) 6 −2/5
1
5(1, 4) [2, 2, 2, 2]
1
5(1, 4) 9 + 3/5 0
1
6(1, 1) [6]
1
6(1, 1) 6 + 1/3 −8/3
1
6(1, 5) [2, 2, 2, 2, 2]
1
6(1, 5) 11 + 2/3 0
1
7(1, 1) [7]
1
7(1, 1) 7 + 2/7 −25/7
1
7(1, 2) [4, 2]
1
7(1, 4) 6 + 6/7 −8/7
1
7(1, 3) [3, 2, 2]
1
7(1, 5) 8 + 1/7 −3/7
1
7(1, 6) [2, 2, 2, 2, 2, 2]
1
7(1, 6) 13 + 5/7 0
1
8(1, 1) [8]
1
8(1, 1) 8 + 1/4 −9/2
1
8(1, 3) [3, 3]
1
8(1, 3) 6 + 3/4 −1
1
8(1, 5) [2, 3, 2]
1
8(1, 5) 8 + 1/4 −1/2
1
8(1, 7) [2, 2, 2, 2, 2, 2, 2]
1
8(1, 7) 15 + 3/4 0
1
9(1, 1) [9]
1
9(1, 1) 9 + 2/9 −49/9
1
9(1, 2) [5, 2]
1
9(1, 5) 7 + 7/9 −2
1
9(1, 4) [3, 2, 2, 2]
1
9(1, 7) 10 + 2/9 −4/9
1
9(1, 8) [2, 2, 2, 2, 2, 2, 2, 2]
1
9(1, 8) 17 + 7/9 0
1
10(1, 1) [10]
1
10 (1, 1) 10 + 1/5 −32/5
1
10(1, 3) [4, 2, 2]
1
10 (1, 7) 9 −6/5
1
11(1, 1) [11]
1
11 (1, 1) 11 + 2/11 −81/11
1
11(1, 2) [6, 2]
1
11 (1, 6) 8 + 8/11 −32/11
1
11(1, 3) [4, 3]
1
11 (1, 4) 7 + 7/11 −20/11
1
11(1, 5) [3, 2, 2, 2, 2]
1
11 (1, 9) 12 + 3/11 −5/11
1
11(1, 7) [2, 3, 2, 2]
1
11 (1, 8) 10 + 4/11 −6/11
1
12(1, 1) [12]
1
12 (1, 1) 12 + 1/6 −25/3
1
12(1, 5) [3, 2, 3]
1
12 (1, 5) 8 + 5/6 −1
1
12(1, 7) [2, 4, 2]
1
12 (1, 7) 9 + 1/6 −4/3
1
13(1, 1) [13]
1
13 (1, 1) 13 + 2/13 −121/13
1
13(1, 2) [7, 2]
1
13 (1, 7) 9 + 9/13 −50/13
1
13(1, 3) [5, 2, 2]
1
13 (1, 9) 9 + 12/13 −27/13
1
13(1, 4) [4, 2, 2, 2]
1
13 (1, 10) 11 + 1/13 −16/13
1
13(1, 5) [3, 3, 2]
1
13 (1, 8) 9 −15/13
1
13(1, 6) [3, 2, 2, 2, 2, 2]
1
13 (1, 11) 14 + 4/13 −6/13
1
14(1, 1) [14]
1
14 (1, 1) 14 + 1/7 −72/7
1
14(1, 3) [5, 3]
1
14 (1, 5) 8 + 4/7 −19/7
1
14(1, 9) [2, 3, 2, 2, 2]
1
14 (1, 11) 12 + 3/7 −4/7
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